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We simulate long self-avoiding chains using a weighted-biased sampling Monte-Carlo algorithm,
and compute the probabilities for chain looping with and without a protrusion. We find that
a protrusion near one of the chain’s termini reduces the probability of looping, even for chains
much longer than the protrusion–chain-terminus distance. This effect increases with protrusion size,
and decreases with protrusion-terminus distance. We model the simulated results theoretically by
considering how the protrusion “eclipses” the chain terminus closer to the protrusion from the more
distant chain terminus. This eclipse mechanism has implications for understanding the regulatory
role of proteins bound to DNA.
Polymer looping is a phenomenon that is critical for
the understanding of many chemical and biological pro-
cesses. In particular, DNA looping has been implicated
in transcriptional regulation across many organisms, and
as a result plays a crucial role in how organisms develop
and respond to their environments. While DNA loop-
ing has been studied extensively over the last several
decades both experimentally [1–5] and theoretically [6–
11], many aspects of looping-based transcriptional regu-
lation remain poorly understood.
In this Letter we address the question of how a protru-
sion affects looping of a long polymer, with an empha-
sis on understanding experimentally-observed phenom-
ena [12, 13]. We use a modified worm-like chain model
that takes excluded-volume considerations into account
[14–16]. We show that the excluded volumes of a polymer
and of an object bound to it can block the “line-of-sight”
of the two distant termini of the polymer, which in turn
leads to a reduction in the probability of looping.
Polymer in the absence of bound objects. The polymer
is modeled as a discrete semi-flexible chain made of in-
dividual links of length l. A chain is described by the
locations ri of its link ends, and a local coordinate sys-
tem defined by three orthonormal vectors uˆi, vˆi, tˆi at
each link, where tˆi points along the direction of the ith
link. We use the following notations for a specific chain
configuration: θi, φi are the zenith and azimuthal angles
of tˆi in local spherical coordinates of link i − 1, respec-
tively. {θ, φ}n ≡ {θ1, ..., θn, φ1, ..., φn} denotes all the
angles until link n. Joint i is the end-point of link i and
joint 0 is the beginning terminus of the chain. w is the
effective cross-section of the polymer. Each chain joint
is engulfed by a “hard-wall” spherical shell of diameter
w. The total elastic energy associated with the polymer
chain can be written as follows [14]:
E ({θ, φ}N ) =
N∑
i=2
Ebend (θi, φi)+
N∑
i=2
Ehwi ({θ, φ}i) , (1)
where the elastic contribution to the energy is given by:
βEbend (θi, φi) = a (1− cos θi) , (2)
a is the bending constant of the polymer chain, and we
have assumed azimuthal symmetry. The hard-wall con-
tribution is given by:
βEhwi ({θ, φ}i) =

∞ i overlaps with one or more
joints 0 . . . (i−∆i) .
0 otherwise
(3)
Here β = (kbT )
−1, kb is the Boltzmann factor and T is
the temperature. In case l ≥ w, ∆i = 1. In case l < w,
two or more consecutive spheres overlap and ∆i ensures
that links j and k interact only if |j − k| ≥ ∆i ≥ wl . For
simplicity, we disregard the twist degree of freedom in
this work.
Polymer in the presence of bound objects. We model
the bound objects as hard-wall spherical protrusions po-
sitioned adjacent to the polymer chain, with radius Ro
representative of the protrusion’s volume (Fig. 1). Since
we neglect torsion effects in our present model, there is
no intrinsic rotation of uˆi around the polymer axis. Thus,
we define the orientation of the bound protrusions by ro-
tating uˆi around tˆi. Therefore, the center of a protrusion
bound to chain link k and rotated around the chain axis
by an angle of γk is given by:
robject = rk +
(w
2
+Ro
)
R(γk, tˆk)uˆk, (4)
where R(γk, tˆk) is a rotation matrix by an angle γk
around tˆk (see Fig. 1). Addition of a protrusion at link
k slightly alters Eq. (3), requiring to test whether joint i
overlaps with one or more joints 0 . . . (i−∆i) and with
the protrusion at robject, if i > k.
Simulation. We simulate the DNA chain with a bound
protein using a weighted-biased sampling, Monte-Carlo
approach that we used previously to simulate the config-
urational space of bare DNA [14]. To adapt our algorithm
to the case of protein-bound DNA, we take into account
not only the growing chain but also the location of the
protrusion (see Eq. (4)). During chain generation, upon
reaching link k, the simulation adds a hard-wall spheri-
cal protrusion with radius Ro at the location robject. If
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FIG. 1. Loop and protrusion geometry. The chain (shaded
in cyan) is modeled by spheres (blue dashed circles), here
with link length l equal to diameter w. Looping volume δr is
represented by a green wedge. The protrusion is positioned
on the second link (k = 2). In-phase-with-δr (γ2 = 0°) and
out-of phase (γ2 = 180°) positions are illustrated by the solid
and dashed red circles, respectively.
the protrusion overlaps any of the previously-generated
chain links or protrusions, the chain is discarded. Af-
ter generating the configurational ensemble, we identify
the subset of “looped” chains. A chain is looped if rN is
confined to a volume δr around r0 (see Fig. 1), defined
by:
1. dmin ≤ |rN − r0| ≤ dmin + ε.
2. (rN − r0) is collinear with uˆ0 within δω′.
In our simulations, dmin = w, ε = 2w and δω′ = 2pi×0.1,
unless stated otherwise. Changing these parameters did
not alter the results significantly, and the relatively large
ε chosen minimized noise. We simulated the DNA chain
with diameter w = 4.6 nm and Kuhn length [7] b =
106 nm, where b is given by [16]:
b
l
=
a− 1 + a coth a
a+ 1− a coth a. (5)
Chains were simulated in two stages as compromise be-
tween resolution and running time. The first N1 links of
the chain were simulated with link length l1 = 0.34 nm,
corresponding to the length of a base-pair in dsDNA. We
used ∆i ≈ 43 wl for this stage [17]. All bound objects were
positioned at links k < N1. The remaining N2 links of
the chain were simulated with link length l2 = w. We de-
note the overall length of the chain by L = N1l1 +N2l2,
and the distance along the chain of an object binding link
k from the chain origin by K = kl1.
For a specific choice of δr, we define the probability of a
polymer chain of length L to form a loop, and relate it to
the experimentally measurable [6] Jacobson-Stockmayer
factor J(L) as [14]:
Plooped (L) ≡
∫
δr
C (r) dr = J (L)NAσRδr, (6)
whereC (r) is the probability density function of the end-
to-end vector r ≡ rN − r0, NA is Avogadro’s number,
and σR is the symmetry number of a polymer ring [7].
In this work we study the effect of a bound object on
the probability of the polymer to form a loop, with the
looping criteria defined above. We quantify this effect by
the looping probability ratio:
F (L, object) ≡ Jobject (L)
Jbaseline (L)
=
P objectlooped (L)
P baselinelooped (L)
, (7)
where Jbaseline (L) is the J-factor for the bare polymer
chain and Jobject (L) is the J-factor for the polymer chain
with a protrusion bound to it.
Long-range down-regulatory effect. We generated con-
figurational ensembles for thick chains with a spherical
protrusion of varying size 0.0434 ≤ Ro/b ≤ 0.217 located
a distance of 0.304 ≤ K/b ≤ 0.694 from the chain ori-
gin along the chain, oriented either in the same direction
as the looping volume δr or 180° from it (see Fig. 1).
Plots of F (L) for various values of Ro and K are shown
in Fig. 2(a). As we showed previously [17], in the elas-
tic regime, protrusions positioned in-phase with δr (solid
lines, ↑) strongly reduce the looping probability relative
to that of the bare chain, while protrusions positioned
out-of-phase to δr (dashed lines, ↓) increase the looping
probability. However, in the entropic regime (L  b),
all chains converge to values of F Lb−−−→ F∞ < 1. For
protrusions with γk = 0, F∞ is distinctly smaller than 1,
and strongly depends on both the distance to the near-
est terminus and the size of the protrusion. Conversely,
for γk = 180°, F∞ is only slightly smaller than 1, with
weak dependence on both protrusion size and position.
In Fig. 2(b) we plot the value of F∞ as a function of Ro
and K, for γk = 0. The figure shows a decrease in F∞ as
a function of protrusion size and an increase as a function
of protrusion distance from the chain origin.
“Eclipsing” approximation. To understand the long-
range, length-independent effect shown in Fig. 2(a), we
examine the terminating segment of each looped chain of
length T  L. If T  b, these segments resemble stiff
rods. In the entropic regime and in the absence of pro-
trusions, the generated “rods” approach δr from all direc-
tions that are unobscured by the volume of the polymer
in a homogeneous fashion [7]. If an object is in close prox-
imity to δr, such that max
r∈δr
|r− robject|  T , the object
obstructs the line-of-sight of one chain terminus from the
other. This eclipse-like phenomenon is manifested by a
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FIG. 2. Simulating looping probability ratio F . (a) F plotted
as a function of normalized chain length L
b
for several values
of Ro and K, and γk = 0° (solid lines) or 180° (dashed lines).
The locations of the protrusions are denoted by circles on the
corresponding curves. (b) F∞ plotted as a function of Ro and
K, for γk = 0. F∞ is calculated numerically as the average of
F (L) over the range of L values where F (L) ≈ const. The
solid red curve is a visual aid: if the segment of the chain
between the origin and the protrusion location was straight,
points on the red curve would result in the protrusion touching
the looping volume δr.
reduction in the number of polymer chains that are able
to reach δr. This, in turn, results in a smaller Plooped as
compared with the case in which no protrusion is present.
Due to the isotropy in the distribution of the chain ter-
mini orientations within δr, the reduction in Plooped can
be approximated by the solid angle that the eclipsing ob-
ject subtends at δr. Consequently, F (Eq. (7)) can be
approximated for this “rod model” by:
F∞ (r˜′, Ro) =
P objectlooped (L, {r˜′, Ro})
P baselinelooped (L)
∣∣∣∣∣
Lb
≈4piδr− Ichain − Iobject(r˜′,Ro) + Ichain∩object(r˜′,Ro)
4piδr− Ichain
= 1− Iobject(r˜′,Ro)
4piδr− Ichain +
Ichain∩object(r˜′,Ro)
4piδr− Ichain , (8)
where Ro is the radius of the spherical object, r˜′ is
the location of the object, which could be located stat-
ically at point r′ (in which case r˜′ ≡ r′), or located
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FIG. 3. Simplified eclipse models. Simulation results for
a chain without chain-chain interactions and a static object
(solid blue line) are compared to estimates for F∞ of the
“rod” (dashed cyan line) and “terminating-segments” (dashed
magenta line) models, also for a chain without chain-chain
interactions. The static object is located at duˆ0, where
d/b = 0.391, and Ro/b = 0.217. For comparison, we plot
simulation results for a chain with chain-chain interactions
and the same static object parameters (solid green line), and
a chain with chain-chain interaction and an on-chain object
(solid read line). The on-chain object is located atK/b=0.303
(denoted by a circle).
on the chain a distance K from the chain origin (in
which case we use the terminology r˜′ ≡ r˜′ (K) figura-
tively to specify the progression of the protrusion along
the chain). Ichain ≡
∫
δr
Ωchain (r) d
3r, where Ωchain (r)
is the solid angle subtended at r by the polymer chain
links. Iobject(r˜′,Ro) ≡
∫
δr
Ωobject(r˜′,Ro) (r) d
3r, where
Ωobject(r˜′,Ro) (r) is the solid angle subtended at r by the
object, and Ichain∩object(r˜′,Ro) corresponds to the solid
angle contained in both Ichain and Iobject.
In order to test the eclipsing hypothesis, we first com-
puted F∞ for the case of an object statically positioned at
an off-chain location r′ = duˆ0, and without chain-chain
interactions. In this simplified case, F∞ in Eq. (8) can
be approximated by the following eclipsing expression:
F∞ (r′, Ro) ≈ 1−
Iobject(r′,Ro)
4piδr
(9)
= 1−
∫
δr
2pi
[
1−
√
1−
(
Ro+w/2
|r−r′|
)2]
d3r
4piδr
≡ F static∞ ,
where we substituted
Ωobject
2pi
=
1∫
√
1− (Ro+w/2)2|r−r′|2
d cos θ =1−
√
1− (Ro + w/2)
2
|r− r′|2 . (10)
In Fig. 3, we compare the value computed from Eq. (9)
(dashed cyan line) to F (L) computed by our weighted-
biased-sampling algorithm for the same conditions (solid
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FIG. 4. Dependence of F∞ on protrusion size Ro. Simula-
tion data (circles) are fit (solid curves) by fK (Ro) (Eq. 11).
Data points are the mean of the last 480 points of the sim-
ulated F . Errorbars are ±1.96 times the standard error of
these points. Inset illustrates a doubling of Ro. δr is shown
by the green volume. Chain links are shown by white spheres.
Protrusions are shown by transparent red spheres. Solid an-
gles subtended by the chain links and protrusion are shown
by orange and red cones, respectively. Ωchain is the area on
the unit sphere around the center of δr intersecting the orange
cones. Ωobject(r˜′,Ro) is the area on the unit sphere intersecting
the red cone. Ωchain∩object(r˜′,Ro) is the area on the unit sphere
intersecting both orange and read cones.
blue line). The data show that the eclipsing approxi-
mation F static∞ overestimates F∞. We reasoned that the
main cause for this estimation error is that Eq. (9) disre-
gards the flexible polymer nature of the chain. We ran an
additional Monte-Carlo simulation to quantify the correc-
tion resulting from polymer flexibility. Here, we gener-
ated pairs consisting of an end-terminus point in δr and
a direction vector of the terminal link, both distributed
uniformly. Short polymer chains of length T originat-
ing at the chosen points were grown with their first links
oriented in the chosen directions. These chains can be
thought of as the terminating segments of long chains
that have a uniform distribution of their end-termini in
δr. We found that the probability of a chain to overlap
the object increased relative to the probability within
the “rod model”, resulting in a decrease in the probabil-
ity of the chain to form a loop (magenta dashed line in
Fig. 3). Using this “terminating-segments” correction,
the discrepancy between F∞ from the simulation and
F static∞ from Eq. 9 is partially accounted for. We attribute
the additional reduction in the simulated F∞ to interac-
tions between the object and the remaining L−T length
of the chain.
In Fig. 4 we plot F∞ as a function of an on-chain ob-
ject of radius Ro, for several values of K. To compare the
results of the numerical simulation to the full eclipsing
model (Eq. 8), we first note that when K is kept con-
stant, Ichain∩object(r˜′,Ro)|K=const ≈ const, as can be seen
from the inset in Fig. 4: the overlap between Ωchain (or-
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FIG. 5. Dependence of F (L) on location of the protrusion,
either inside (K) or outside (−K) the chain segment between
link 0 and the terminating link. Ro/b = 0.217 and K/b =
±0.3. Inset: the ratio F∞ (L,K) /F∞ (L,−K).
ange cones) and Ωobject (red cones) changes only slightly
when the object grows by a factor of two. Further-
more, in cases when (Ro + w/2) |r˜′ − r|r∈δr, for some
r ∈ δr, |r˜′ − r|K=const is approximately independent of
Ro. Thus, the dependence of F∞ on the radius Ro of an
on-chain object can be derived from Eq. (8):
F∞(r˜′, Ro) |K=const ≈
≈ 1− Iobject(r˜′,Ro)
4piδr− Ichain +
Ichain∩object(r˜′,Ro)
4piδr− Ichain
≈ 1−AIobject(r˜′,Ro) +BK
≈ 1−AK (Ro + w/2)2 +BK ≡ fK (Ro) , (11)
where we approximated Iobject(r˜′,Ro) ≈
(Ro + w/2)
2
pi
∫
d3r
|r˜′−r|2 using Eq. (10) and
(Ro + w/2)  |r˜′ − r|r∈δr. In Fig. 4(a), we fit the
numerical results for different values of K with functions
of the form fK (Ro) (Eq. (11)). The fits are in excellent
agreement (R2 ∼ 0.99) with the numerical data.
Finally, we explored a geometry in which the pro-
trusion was positioned at negative K values. To do
so, we generated an additional chain segment of length
Q in the direction oppsite to tˆ1, starting from link
0, where Q  K. The eclipse model predicts that
F∞ (r˜′(K), Ro) = F∞ (r˜′(−K), Ro). We plot the results
in Fig. 5. The data show that F (L) for ±K initially di-
verge. However, for sufficiently large L/b, F (L) for both
±K converge on the same value.
We previously established [17] that excluded-volume
effects can alter the probability of looping when the chain
length is on the order of the Kuhn length. The simu-
lations and theory presented here extend this result to
much longer chain lengths. In particular, our model pre-
dicts a decrease in the probability of looping that is in-
dependent of chain length for long chains in the entropic
regime, provided that a sufficiently large protrusion ori-
ented in-phase with δr is positioned within one Kuhn
5length of one of the chain termini. Since F (L) can also be
used as a measure for the biological regulatory effect in-
duced by a protein bound to DNA in the context of loop-
ing [17], the model presented in this Letter can be used
to explain a host of natural regulatory phenomenon (e.g.,
“quenching” repression), which to date remain poorly un-
derstood.
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